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1. Overview of the BCD Approach for Solving Problem (11)

Since there are multiple groups of variables involved in the optimization problem (11), we adopt an efficient
solution based on the Block Coordinate Descent (BCD) strategy. The BCD approach works by solving the different
groups of variables alternatively until convergence. At each iteration, it solves the optimization problem with respect
to one group of variables with all other groups of variables fixed. An overview of the entire BCD procedure is
introduced in Algorithm 1.

Algorithm 1: A BCD Approach for Solving Problem (11)

Require: A1 >0, A2>0, 51>0, 0220, K4 >0, K>0, {D,}~, {S}5 , R

1: Initialize cw=(1/K,)1 € R*; ", m=(1/K,)1 € R

2: Initialize U and V by performing Symmetric Nonnegative Matrix Factorization on D = Zf:l w, D, and
S= 21: 7,5, using the method proposed in Wang et al (2011).

3: while Not Converge do

Solve A as described in section 4
Solve O as described in section 2
Solve ® and & as described in section 3
Solve U as described in section 5

Solve V as described in section 6

R A A

: end while

2. Solving @
The subproblem of solving © is
ming 1©—W II7., subject to Po(®)= Po(R) (12)

where W=UAV". This is a constrained Euclidean projection, and can be decoupled for every element in @. Each
subproblem has a closed form solution. By aggregating all solutions together, we can get the matrix form
representation of the solution as

®'=Po(W)+ Po(R) (13)

where Q° is the complementary index set for Q.

3. Solving ® and ©

The problems of solving ® and & are similar, so we will just describe how to solve ® as an example. The subproblem
of solving o is



min,, ZZI o 1D, —ZI}+8, o, subject to ®=0, ' 1=1 (14)
where 2=UU". Let
a=[ID,-X I, ID,-XI, ..., Dy, Nk (15)

Then we can reformulate the problem as
2

min,, 8, +c, subject to ® =0, »'1=1 (16)

0-—~a
25,

2

where c is some constant irrelevant to @. This is a standard Euclidean projection problem and can be efficiently
solved. In our implementation we used the method in Chen and Ye (2011).

4. Solving A
The subproblem of solving A is
min, 1©-UAV" I}, subject to A=0 17

This is a nonnegative quadratic optimization problem and we can use Projected Gradient Descent (PGD) method
(Lin 2007) to solve it (for details please refer to section 7). In order to get the gradient of the objective of problem
(17) with respect to A, we expand it as:

=IO —-UAV" I2= t(®-UAV") (O@-UAV=tr(VA'UTUAV") -2tH( @ UAV")+¢
where c is some constant irrelevant to A. Then we can derive the gradient J, with respect to A as

aJ

—A=20"UAV'V-2U"OV (18)
oA
5. Solving U
The subproblem of solving U is
Ky
min, 1@ -UAV" I} +4,Y @, I D, ~UU" I}, subject to U=0 (19)

k=1

We can expand the objective of problem (19) as

K, ~
J=@=UAV" I} 4+, @, 1D, ~UU" I, =tr(UAV'VA"U" )= 2tr(UAV"©" )= 24,1r(U" DU) + Atr(U"UU"U) + ¢

k=1
~ K, . . . . .
where D = Zk:'I o, D, and c is some constant irrelevant to U. Then the gradient of Jy with respect to U is

%’ =2UAV'VA" =20VA" —=2A,DU +4AUU"U (20)

6. Solving V
The subproblem of solving V is

K,
min, 1@ ~UAV" I+, m, 1S, ~VV" I, subject to V=0 1)
I=1

Similarly we can expand the objective of problem (21) as



K, ~
=IO =UAV" I} +2, Y m IS, =VV" Il =tr(VA'U'UAV" )= 2tr(V' @' UA) = 22,tr (V' SV) + A,tr(V' VV' V) + ¢
I=1

& K, . . . . .
where §= 21:'1 7,S, and c is some constant irrelevant to V. Then the gradient of Jy with respect to V is

% =2VA"U'UA-20"UA-214,8V +4L,VV'V (22)

7. Projected Gradient Descent Method for Optimization

We provide the detail of the Projected Gradient Descent (PGD) method (Lin 2007) here. For notational convenience,
we introduce a nonnegative projection operator P,(A) as

A, ifA, 20
(P(A), =] "

0 otherwise
Then the PG method for solving the problem 1£1>151 f(A) can be presented in Algorithm 2.

Algorithm 2: Projected Gradient

Require: 0<p<l1, 0<o<I. Initialization A”.

Ensure: A”=0

l:fork=1,2,... do

2 AW = P+(A“‘"” - ocka(A“"]))) , where a, = B, and #, is the first nonnegative integer for which

30 fAY)= fANT) <aVF(A" ) (A - A"T) (23)
4: end for

Here condition (23) ensures the sufficient decrease of the function value per iteration, and this rule of determining
the stepsize is usually referred to as the Armijo rule (Bertsekas 1976). However, the Armijo rule is usually time
consuming, thus we use the following improved PG method in Algorithm 3.

Algorithm 3: Improved Projected Gradient
Require: 0<p<l1, 0<o<I. Initialization A, a=1.
Ensure: A”=0
l:fork=1,2,... do

Assign oy = 0y

2

3:  If oy satisfies condition (23)

4 repeatedly increase it by oy ~—ou/p until either oy does not satisfy (23) or A(oy/B)=A(ox)
5

Else repeatedly decrease oy by ax<—oy - B until oy satisfies condition (23)

A

Set A =P(A“" -, VF(A"™)).

7: end for

8. Complexity Analysis of the BCD Solution

The computational cost involved in each BCD iteration includes:



e When updating 0, the main computation happens at calculating UAVT, which takes O(nK K tnmKj) time.

e When updating o, the main computation happens at calculating UU", which takes O(n’K,) time. The
Euclidean projection takes O(K,logK,) time.

e When updating 7, the main computation happens at calculating VV', which takes O(m’K,) time. The
Euclidean projection takes O(K;logKy) time.

e Updating A involves PGD iterations. We just need to evaluate LIR2)% once, which takes O(K nm+K;Km)
time. At each iteration evaluating U'UAV'V takes O(KK, + K K,) time (as UU" and VV" are already
computed), and evaluating the J, takes O(K;K ) time.

e Updating U involves PGD iterations. We just need to evaluate OVA" and AV'VAT once, which takes
O(nK,K,) and O(K,K’ +K K>) time. At each iteration evaluating UAV'VA" takes O(nK) time,

DU takes O(nZKd), UUU takes O(nK; +n’K ;) time, and evaluating Jy takes O(nK:) time.

e Updating V involves PGD iterations. We just need to evaluate ATUTUA and ® "UA once, which takes
OnK /K + nK{f) and O(mnK +mK,K;) time. At each iteration evaluating VATU"UA takes O(mK f) time,
SV takes O(mZKY) time, VV'V takes O(me + Ksmz) time, and evaluating Jy takes O(me) time.

Adding up everything together, and considering the fact that max(K,, K;)<<min(m,n), we can get that the rough
computational complexity is O(RFmn), where R is the number of BCD iterations, and 7 is the average PGD

iterations when updating A, U, and V.
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